CEZARY CIESLINSKI On definable e ements in models of PA

The am of this paper is to describe the distribution of definable elements in models of PA.
The analysis of definable elements proved to be fruitful in the context of investigating the
relations between various types of induction, collection and minimalization. The classica
results in this area were obtained by Kirby and Paris in (5); see dso (4) for the discussion of
parameter free induction. In addition, (2) and (3) can be recommended as a very useful,
general reference. For more results in this direction, see (1).

We start with the following definition of structures consisting of elements of a model
M definable by formulas belonging to S, (I1,)."

Definition 1.
KS(M) ={al M:$j )T Snj (X) definesain M}
KPP~ (M) ={al M:$j (X1 II,j (X) definesain M}

The first useful fact concerns the relation between Th, (N) (the set of al Il,
sentences true in the standard model) and Th  (N) (an analogous set of S+ sentences).

Fact 1." nT NTh, (N) | Ths (N)

Proof. Let M |= The (N). Let] be a Sni formulatrue in N of the form r$xy(x)1. So for

some n belonging to N, N |=y(n). Since y (n) belongs to I1,, we have: M |=y(n); therefore
M Ej.

O

The next two theorems state the sufficient and necessary conditions of the existence of S, (or
I1,) definable, nonstandard elements in models of PA. In what follows, by , K> (M) > N” we

mean , there are nonstandard, S;-definable elements of M”; analogously for K" (M) .2
Theorem 1. For every n>0, for every M | PA, K% (M)>Niff M & Th, (N).

Proof. Assume at first, that j (X) is a Sy formula which defines in M a nonstandard element.
Assume aso that M FTh, (N). Then we have: N [ $x (x), because otherwise

N E" x@j (x), so we would obtain: M k" x@j (X), since this last formula belongs to TI,

(assuming that n > 0). So we obtain a certain k1 N such that N |=j (K), but M & j (k), since
j (X) defines something nonstandard in M. However, j (k)T S, therefore M |=j (K) by our

! For the definition of the classes S, and I, seee.g. (2) or (3).
2 Theorem 1 is folklore; we owe the idea of the proof of theorem 2 to H. Kotlarski and K. Zdanowski.



assumption that M |=Thpn(N) (cf. Fact 1). This is impossble, since j (X) was to define
something nonstandard in M.
For the second implication, fix the smallest k such that M 1 The (N) (thenk<n). Let

y = "% (X withj (x) belonging to Si.1, such that N E" xj (X) and M E$x@j (x). Let t(¥)
be a Sk formula which states that x is the smallest number satisfying &j (x). Then t(x) defines
something nonstandard in M, because if M Et(n) for some n1 N, then M E@j (n), but
N Ej(n),soj(n)T Ths (N). Therefore M & Th, (N), because otherwise M [j (n). We
obtain a contradiction, because k was to be the smaller number of this kind.

O
Theorem 2. For every n3 0, for every M |=PA, K" (M) > Niff M # The (N).
Proof.

(—) Assumethat j (x) isaP, formulawhich definesin M a nonstandard element. Assume
asothat M | Th, (N). Thenwe have: N | $x (X), because otherwise N k" x@j (X).
Since this last formula is P +1, we would have: M |= xdj (X), which is impossible. So
let kT N be such that N Ej (k). Therefore M [ j (K); but this is a contradiction, since
] (X) wasto define something nonstandard in M.

(<) Let n bethe smallest natural number suchthat M ¥ Th, (N). If n=0, we have:

N |= X (x) and M |=$x®j (x) for some formulaj (x) belonging to Ao. Then the smallest
x such that & (x) is anonstandard, Ao definable element of M.

So now let'sassumethat n> 0. Let N E" x$y@j (y, x) and M ES$x' yj (v, X) for
j belonging to S,-3. In this case for every a, if M |= yj (y,a), then a> N, because
otherwise we would have for kT N: M E"yj (y, k). But N E$y@j (y, k) and since this
last formula is S, it turns out that M # Th, (N), therefore M ¥ Th, (N), which
contradicts the choice of n.

Now take the following formulat (z) belonging to P :

"abz=(@b) P ("yj (v, ?)U
U"w<a$y<bdj (y,w)U
U'c<b$w<a'y<cj (y,w)]

S0 t(2) statesin effect, that zis a pair with the following properties:

() zis apair whose first element a is a witness for r$x "y (y, x)1
(i) the second element b of zis an upper bound for counterexamples below a
(i)  bisthe smallest such upper bound.

The first two conditions uniquely identify a, the last one uniquely identifies b, so in
effect t(2) isaP ,formula defining a nonstandard element of M.

O



Our next result is a solution to the following problem: in which models of PA are there
elements which are essentially P r-definable; we mean by that the elements which are P, but
not S, definable.® In effect, our result is a partial

answer to the question if the Sy-P, hierarchy is strict.

Theorem 3. For every n, for every M E PA
If M ¥ Th, (N), thenfor every k3 n+1 K*(M) I K"*(M).

Proof. Fix M, nand k3 n+1. Let y (X, y) be the following formula belonging to P :

"I <X T PeaUSWTr (G (W) P Sw<yTr, (i (W)U
Ui <x{Sw<yTr, ( W) U"w<y-1@Tr, ( (W)]

where Tr, () is a universal formula for Py, sentences. The formula y(x, y) states in

effect, that y is the least upper bound for witnesses for P -1 formulas below x. By Theorem 1,
let y(x) be a Sk definition of some nonstandard element of M (here we use the assumption that

M # Th, (N)). Thenthe formula
"Xy(¥) Py (X y)]

is a Pk definition of some element a. Now assume that a is S¢ definable by a formula
r$zc(z, -)1. We take the following formula &(w) belonging to Py-1:

$wi,Wo < Ww = (Wi, We) U ¢ (wWa,We)]

We have: M |=$w§ (w), so by our choice of a, M |=$W < ag(w). But any such wwould be a

r L . . .
pair whose second element is a, since $zc(z, -) defines a. This is impossible and we obtain
a contradiction.

O

Note that the converse to Theorem 3 is false. As a counterexample, we may take
M E Th, (N) such that M# Th, (N). Then by Theorem 2, K"™(M) >N, but by
Theorem1, K>*(M) = N, so K*:(M) I KF"~(M). By Theorem 3, we have also
KS(M) 1 KP<(M) for al k3 n+2. So the subsequent of Theorem 3 holds, but the
antecedent is obvioudly false.

In a similar vein, we condder now the question: are there S.1 definable elements
which are not II, definable. Together with the previous result our next theorem gives us in
effect the strict Sy-I1,, hierarchy. However, Theorem 4 contains also some extra information:

there is aways an essentially Sp.1 definable element below an arbitrarily chosen Sn:1
definable one.

® Note that a S,-definable element is adways P.-definable, because if j (x) is S, and defines a, then
X ()P y=x isP,and definesa,



Theorem 4. Let M EPA, letnT Nand let al M suchthat a>Nandal K*+*(M). Then
forsomeb<a, bl K%*(M) andbl K""(M).

Proof. Fix an appropriate M, n and a. Let y (21T Sn1 and define a. Consider the following
formula y(s) belonging to Sy1:

$z[y@U"j <z T Iap (BTr, (i (9) USw<sTr, ( W)U
U'w<s$ <Zj I IaUTr, ( W) U"x<w@Tr, ( (¥)]

Intuitively, the formula y(s) states that:
1. sisnot the smallest object satisfying some I, formula below a
2. sisthe smallest object with the above property.
Now we are going to show that y(s) defines something below a. Let a(j , S) be the formula:

@Tr, (i (9 USw<sTr, ( (W)

So theformulaa(j , s) statesthat ] doesn’t identify s.
In order to seethat y(s) defines something below a, it is clearly enough to observe that:

PA }"#s<z'j <Zj 1 b a(,9)]
For an indirect proof, fix zin amodel M of PA such that in M:
"s<z$j <4j T myU@a( ,9)]
From pigeonhole principle we obtain:
$s1, <28 <4s! £Uj T MU@a( ,s) Uda( , )]

But this means that both s, and s, are the smallest numbers satisfying j , but nonetheless they
are different. Since thisis impossible, it ends the proof.

O

Now we are ready to consider in general terms the question concerning the distribution of
definable elements in models of PA. In accordance with the usua convention, we write “i _”

(“1 ") to denote an end (cofinal) extension of a given structure.
Theorem 5. For every n, for every M |= PA:

@ K>(M) I K" (M)

() K" (M) T4 K> (M)

Proof.



@ Letj (01 S.and definea Thentheformula: " x{j () P x=1Y] isTl,and definesa.
This shows that K* (M) I K""(M). As for being an initial segment, let j (x) T T,
and define a; let y(X)1 S, and define b. Assume aso that a < b. Then a is S,
definable by the formula:

X[y U w<x (W) P w=y)]

(b) The inclusion itself is obvious. So we show only that there is a I, definable element
above each S;;; definable one.
Let al K%:(M). Let y(x) be a Sn definition of a. If n=0, then y (x) has a

form r$yj (v, x)1 for j belonging to Ao. Inthis case the formula“w is the smallest pair
such that j (Wo, W1)” is Ag and defines a number greater than a.
So now we may assume that n > 0 and our formula y(X) has the form:

'$$'yj (v, ) . Then M E$xix= (%, x1) U"yj (¥, %, x)]. Now let y(2) be the
following formula:

$c,d<Zz=(c,d)U"yj (y, co, C1) U
"w<chy<ddj (y, Wo, W) U
"e<ddw<c'y<g (y, W, Wi

(Inour notation e.g. "Wy denotes the left element of the pair w).
This formula defines a number z which is a par (c, d), where c=(;, a),
therefore z> a. In addition, zZT K" (M), becausey(2) is aIl, formula.

O

The following corollary states the sufficient condition under which the above inclusions are
proper.

Corollary 1. Let M ¥ Th,  (N). Then:
@ K>(M) 1, K""(M)
(b) K™"(M) 1 4 K>*(M)

Proof.

(8 By Theorem 53, K*+(M) [  K""1(M). Since M # Th, (N), by Theorem 3 we
obtain: KS=(M) 1 _K" (M), whichisour desired result.

(b) We have: K™ (M) 1 , K°+(M) by Theorem 5b. Since M = Th, (N), we obtain
K®(M) >N by Theorem 1. So by Theorem 4, K"*(M) 1 , K°2(M). And that
ends the proof.

O

Corollary 2 formulated below is a negative result. It states that no interesting relations (no
relations of being an initial segment or having a cofinal extension) hold between I1,-type
structures, unlessin the standard case.



Corollary 2.
(@ K (M) I KPP (M)iffKP"(M) =N
(b) K°»(M) T, KFm(M) iff K°P»2(M) =N

Proof.

(@) The implication from right to left is obvious. So let’'s assume that K°»(M) * N. In
this case by Theorem 2, M # Th, (N). So by Corollary 1b, thereisan al K5 (M)
such that al KP"(M). Therefore a T K= (M). But KP*(M) 1 , K52(M)
(Theorem 5b), so there is ab belonging to K"~ (M) such that b > a. Therefore it is not
the casethat K°»(M) | _K"»(M).

(b) The implication from right to left is obvious. So let's assume that
KPr(M) T 4 KP(M) and that KF=(M) * N. So KP*(M) * N. By Theorem 2,
M & Th, (N). Therefore by Corollary 1a, K*+(M) 1 K" (M), so we obtain:
not KP(M) I , K"=(M), which ends the proof, producing the desired
contradiction.

O

As we dready remarked, structures on S,-definable elements proved to be useful in analysing
the relations between various types of induction. A typical question worth considering in this
context was. how much induction satisfies a given Sy-structure. Obviously one can ask the
same question about I1,-structures. However, the next lemma leads to a negative conclusion:
such structures don’t even satisfy PA™ (arithmetic without induction scheme). On a more

positive vein, the lemma will permit us to characterize K+ (M) as the closure of K" (M)
under subtraction (which is Corollary 3).

Lemma 1. For every n3 0, for every wi K>2(M), thereisan al KP(M)such that
wral K (M).

Proof. Fix wi KS(M).Let $5'Vyj (v, X) bea Swi definition of w. Pick an object a as

in the proof of Theorem 5b - then aisa pair (c, d) such that (co, ¢1) satisfy n yi (V.S x)1 and
d is the smallest upper bound for counterexamples below c. Such an a belongs to K" (M).
Then w+a has the following I1, definition:

$xy<gx=aUs$z<x(z=ayUy=z Us=x+Yy)]

r 1
Remember that x = a can be written down as a I1, formula without parameters. As usual,
we write ap and a; to denote the left and the right member of the pair a.

O

Corollary 3. K*+(M) isexactly the closure of K" (M) under subtraction.



Proof. Obvious, from Lemma 1.
O

It follows in particular that for every n3 0, K°"(M) ¥ PA~. Take smply an object w
belonging to K>+(M) such that wi K""(M). By Lemma 1, fix an a belonging to
KP"»(M)such that wra1 KPr(M). Therefore in K”"(M) w+a is not a sum of a with any

other number.
Our next result is an addition to Theorem 4. We showed before that there is an

essentially S,+1 definable element below each S, definable one. Now we consider a specid
case of aIl, definable element a greater that K (M) . We show that such an a determines an

essentially Sn.1-definable b which similarily will be greater than K> (M) .
In te proof we will use the following fact (we write “1"(M)” to denote an initial
segment of M cofinal with K5 (M)).*

Fact 2. For everyn® 1, I"(M) F Th, (M)
For the proof, see (3).°

Theorem 6. Let n3 1. For every al K""(M), if a> K> (M), then there isa number b< a
suchthatbT K%2(M)andb> K% (M) andbi KP"~(M).

Proof. Fixal KP(M)suchthat a> K (M). Let s be the smallest number such that no I,
formula below a identifies s (in other words, let s satisfy the formula y(s) used in the proof of
Theorem 4). So s<a, sT K>(M) andsi K> (M). We now claim that s> K> (M) . By
Fact2, 1"(M) k Th, (M). Thereforefor n3 1:

. oA < r. T < r. 1
1"(M) F"x$ [ T AUTro(j () U" w<x@Tro( j (W) )]
It followsthat s> 1"(M), therefore s> K (M) . Otherwise we would have:

M E$j <aj T AoUsisthe smallest object satisfying j ]

But thisisimpossble by the choice of s.
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